We review the novel quasiconformal realizations of exceptional U-duality groups whose "quantization" lead directly to their minimal unitary irreducible representations. The group E 8(8) can be realized as a quasiconformal group in the 57 dimensional charge-entropy space of BPS black hole solutions of maximal N = 8 supergravity in four dimensions and leaves invariant "lightlike separations" with respect to a quartic norm. Similarly E 7(7) acts as a conformal group in the 27 dimensional charge space of BPS black hole solutions in five dimensional N = 8 supergravity and leaves invariant "lightlike separations" with respect to a cubic norm. For the exceptional N = 2 Maxwell-Einstein supergravity theory the corresponding quasiconformal and conformal groups are E 8(−24) and E 7(−25) , respectively. These conformal and quasiconformal groups act as spectrum generating symmetry groups in five and four dimensions and are isomorphic to the U-duality groups of the corresponding supergravity theories in four and three dimensions, respectively. Hence the spectra of these theories are expected to form unitary representations of these groups whose minimal unitary realizations are also reviewed.
U-Duality Groups in Supergravity Theories

Noncompact exceptional groups as symmetries of maximally extended supergravity theories
Eleven dimensional supergravity [1] is the effective low energy theory of strongly coupled phase of M-theory [2] . Toroidal compactification of eleven dimensional supergravity theory down to d dimensions yields the maximally extended supergravity with a global non-compact symmetry group E (11−d) (11−d) [3] . It is believed that only the discrete subgroups E (11−d)(11−d) (Z) of these groups are the symmetries of the non-perturbative spectra of toroidally compactified M-theory [4] . We shall use the term U-duality for these discrete subgroups as well as for the global noncompact symmetry groups of supergravity theories.
In five dimensions E 6(6) is a symmetry of the Lagrangian of the maximal ( N = 8) supergravity, under which the 27 vector fields of the theory transform irreducibly while the 42 scalar fields transform nonlinearly and parameterize the coset space E 6(6) /USp (8) . On the other hand the E 7(7) symmetry of the maximally extended supergravity in d = 4 is an on-shell symmetry group. The field strengths of 28 vector fields of this theory together with their "magnetic" duals transform irreducibly in the 56 of E 7 (7) and 70 scalar fields parameterize the coset space E 7(7) /SU (8) . In three dimensions all the propagating bosonic degrees of the maximal N = 16 supergravity can be dualized to scalar fields, which transform nonlinearly under the symmetry group E 8 (8) and parameterize the coset space E 8(8) /SO(16).
Exceptional U-duality groups in Matter coupled Supergravity Theories
Non-compact global U-duality groups arise in matter coupled supergravity theories as well. In this talk I will focus on U-duality groups in N = 2 MaxwellEinstein supergravity theories (MESGT) in d = 5 and the corresponding theories in four and three dimensions. These theories describe the coupling of an arbitrary number n of ( Abelian) vector fields to N = 2 supergravity and five dimensional MESGT's were constructed in [5] . The bosonic part of the Lagrangian is given by [5] 
where e and R denote the fünfbein determinant and the scalar curvature, respectively, and F I µν are the field strengths of the Abelian vector fields A I µ , (I = 0, 1, 2 · · · , n). The metric, g xy , of the scalar manifold M and the "metric"
• a IJ of the kinetic energy term of the vector fields both depend on the scalar fields ϕ x . The Abelian gauge invariance requires the completely symmetric tensor C IJK to be constant. Remarkably, the entire N = 2, d = 5 MESGT is uniquely determined by the constant tensor C IJK [5] . To see this explicitly for the bosonic terms in the Lagrangian consider the cubic polynomial, V(h), in (n + 1) real variables
Using this polynomial as a real "potential" for a metric, a IJ , in the (ambient) space R (n+1) with the coordinates h I :
one finds that the n-dimensional target space, M, of the scalar fields ϕ x can then be represented as the hypersurface [5] 
in this ambient space. The metric g xy is simply the pull-back of (3) to M and the "metric"
• a IJ (ϕ) appearing in (1) is given by the componentwise restriction of a IJ to M:
The positivity of kinetic energy requires that g xy and
•
a IJ be positive definite. This requirement induces constraints on the possible C IJK , and in [5] it was shown that any C IJK that satisfy these constraints can be brought to the following form C 000 = 1,
with the remaining coefficients C ijk (i, j, k = 1, 2, . . . , n) being completely arbitrary. This basis is referred to as the canonical basis for C IJK . Denoting the symmetry group of the tensor C IJK as G one finds that the full symmetry group of N = 2 MESGT in d = 5 is of the form G × SU(2) R , where SU(2) R denotes the local R-symmetry group of the N = 2 supersymmetry algebra. A MESGT is said to be unified if all the vector fields, including the graviphoton, transform in an irreducible representation of a simple symmetry group G. Of all the N = 2 MESGT's whose scalar manifolds are symmetric spaces only four are unified [5, 6] 1 . If one defines a cubic form N (h) := C IJK h I h J h K using the constant tensor C IJK , it was shown in [5] that the cubic forms associated with the four unified MESGT's can be identified with the norm forms of simple ( Euclidean) Jordan algebras of degree three . There exist only four simple ( Euclidean) Jordan algebras of degree three and they can be realized in terms of 3 × 3 hermitian matrices over the four division algebras with the product being one-half the anticommutator. They are denoted as J
U-duality Groups and black Hole Entropy in Supergravity Theories
The entropy of black hole solutions in maximally extended supergravity as well as in matter coupled supergravity theories are invariant under the corresponding U-duality groups. For example in d = 5 , N = 8 supergravity the entropy S of a black hole solution can be written in the form [8] 
where α is some fixed constant and I 3 is the cubic invariant of E 6 (6) . The q I , I = 1, 2, ..., 27 are the charges coupling to the 27 vector fields of the theory. The BPS black hole solutions with I 3 = 0 preserve 1/8 supersymmetry [9] . The solutions with I 3 = 0 , but with 1 3 ∂ I I 3 = C IJK q J q K = 0 preserve 1/4 supersymmetry , while those solution with both I 3 = 0 and C IJK q J q K = 0 preserve 1/2 supersymmetry [9] . The orbits of the black hole solutions of N = 8 supergravity in d = 5 under the action of E 6(6) were classified in [10] .
The entropy S of black hole solutions of N = 8 supergravity in d = 4 is given by the quartic invariant of the U-duality group E 7(7) [11]
where β is a fixed constant and q I , I = 1, 2, ..., 56 represent the 28 electric and 28 magnetic charges. The orbits of the BPS black hole solutions of N = 8 supergravity preserving 1/8, 1/4 and 1/2 supersymmetry under the action of E 7(7) were classified in [10] . The number of supersymmetries preserved by the extremal black hole solutions depend on whether or not I 4 , ∂ J I 4 and ∂ J ∂ K I 4 vanish [9] .
The orbits of the BPS black hole solutions of N = 2 MESGT's in d = 5 and d = 4 with symmetric target spaces , including those of the exceptional supergravity, were also classified in [10] .
The classification of the orbits of BPS black hole solutions of the N = 8 and the exceptional N = 2 theory in d = 5 as given in [10] associates with a given BPS black hole solution with charges q I an element J = 
Invariance group of the norm form ( known as the reduced structure group in mathematics literature) is isomorphic to the U-duality group in these five dimensional theories. In the corresponding four dimensional supergravity theory the black hole solution is associated with an element of the Freudenthal triple system defined by the exceptional Jordan algebra and the U-duality group is isomorphic to the invariance group of its associated quartic form [10] .
Conformal and quasi-conformal realizations of exceptional groups
The linear fractional group of the exceptional Jordan algebra J O 3 (J Os 3 ) as defined by Koecher is the exceptional group E 7(−25) (E 7 (7) ) which can be interpreted as a generalized conformal group of a "spacetime" coordinatized by
Acting on an element J = 27 I=1 e I q I the conformal action of E 7 changes its norm and hence the entropy of the corresponding black hole solution. Thus one can regard E 7(−25) (E 7 (7) ) as a spectrum generating symmetry in the charge space of black hole solutions of the exceptional N = 2 ( N = 8) supergravity in five dimensions. If one defines a distance function between any two solutions with charges q I and q ′I as
one finds that the light like separations are preserved under the conformal action of E 7 [12, 14] . The explicit action of E 7(7) and E 7(−25) on the corresponding 27 dimensional spaces are given in [12] and [14] , respectively. Let us review briefly the conformal action of E 7(7) given in [12] . Lie algebra of E 7(7) has a 3-graded decomposition
under its E 6(6) × D subgroup, where D represents the dilatation group SO(1, 1). Under its maximal compact subalgebra USp(8) Lie algebra E 6(6) decomposes as a symmetric tensorG ij in the adjoint 36 of USp (8) and a fully antisymmetric symplectic traceless tensorG ijkl transforming as the 42 of USp (8) 
ijkl is traceless with respect to the real symplectic metric
The symplectic metric is used to raise and lower indices, with the convention that this is always to be done from the left. The other generators of conformal E 7(7) consist of a dilatation generatorH, translation generatorsẼ ij and the nonlinearly realized "special conformal" generatorsF ij , transforming as 27 and 27, respectively. The fundamental 27 of E 6(6) on which E 7(7) ) acts nonlinearly can be repre-sented as the symplectic traceless antisymmetric tensorZ ij transforming as
and Ω ijZ ij = 0. The conjugate 27 representation transforms as
The cubic invariant of E 6(6) in the 27 is given by
The generatorsẼ ij act as translations on the space with coordinatesZ ij as :
andH by dilatationsH
The " special conformal generators"F ij in the 27 are realized nonlinearly:
The norm form needed to define the E 7(7) invariant "light cones" is constructed from the cubic invariant of E 6(6) . If we define the "distance" betweenX andỸ as N 3 (X −Ỹ ) then it is manifestly invariant under E 6(6) and under the translations E ij . UnderH it transforms by a constant factor, whereas under the action ofF ij we haveF
which proves that the light cone in R 27 with base pointỸ defined by
is indeed invariant under E 7(7) . The above formulas carry over in a straightforward manner to the conformal realization of E 7(−25) on a 27 dimensional space coordinatized by the real exceptional Jordan algebra J O 3 . In this case the cubic form is invariant under E 6(−26) which has USp(6, 2) as a subgroup. The USp(8) covariant formulas above for E 7(7) are then replaced by USp(6, 2) covariant formulas [14] .
The conformal groups E 7(7) and E 7(−25) acting on the 27 dimensional charge spaces of the N = 8 and the exceptional N = 2 supergravity in five dimensions are isomorphic to the U-duality groups of the corresponding four dimensional theories obtained by dimensional reduction. One may wander whether there exist conformal groups acting on the charge space of four dimensional supergravity theories that are isomorphic to the U-duality groups of the corresponding three dimensional theories obtained by dimensional reduction. This question was investigated in [12] and it was found that in the case of maximal supergravity, even though there is no conformal action of E 8(8) , it has a quasi-conformal group action on a 57 dimensional space which is an extension of the 56 dimensional charge space by an extra coordinate. For BPS black hole solutions in d = 4 this extra coordinate can be taken to be the entropy [12] .
The realization of quasi-conformal action of E 8(8) uses the 5-graded decomposition of its Lie algebra with respect to the Lie algebra of its E 7(7) ×D subgroup
with D representing dilatations, whose generator together with grade ±2 elements generate an SL(2, R) subgroup. It turns out to be very convenient to work in a basis covariant with respect to the SL(8, R) subgroup of E 7(7) [12] . Let us denote the SL(8, R) covariant generators belonging to the grade −2, −1, 0, 1 and 2 subspaces in the above decomposition as follows:
where i, j, .. = 1, 2..., 8 are now SL(8, R) indices. Consider now a 57-dimensional real vector space with coordinates
where X ij and X ij transform in the 28 and28 of SL(8, R) and x is a singlet. The generators of E 7(7) subalgebra act linearly on this space
The generator H of dilatations acts as
and the generator E acts as translations on x:
The grade ±1 generators act as
The positive grade generators are realized nonlinearly. The generator F acts as
where I 4 is the quartic invariant of E 7(7)
The action of the remaining generators of E 8(8) are as follows:
The above action of E 8 (8) was called quasiconformal in [12] since it leaves a certain norm invariant up to an overall factor. Since the standard difference (X − Y) of two vectors in the 57 dimensional space is not invariant under "translations" generated by (E ij , E ij ), one defines a nonlinear difference that is invariant under these translation as [12] δ(X , Y) :
where
One defines the norm of a vector X in the 57 dimensional space as
Then the "distance" between any two vectors X and Y defined as N 4 (δ(X , Y)) is invariant under E 7(7) and translations generated by E ij , E ij and E. Under the action of the remaining generators of E 8(8) one finds that
Therefore, for every Y ∈ R 57 the "light cone" with base point Y, defined by the set of X ∈ R 57 satisfying
is preserved by the full E 8(8) group. The quasiconformal realization of the other real noncompact form E 8(−24) with the maximal compact subgroup E 7 × SU(2) is given in [14] . In going to E 8(−24) the subgroup SL(8, R) of E 7 (7) is replaced by the subgroup SU * (8) of E 7(−25) . The quasiconformal groups E 8 (8) and E 8(−24) are isomorphic to the Uduality groups of the maximal N = 16 supergravity and the N = 4 exceptional supergravity in three dimensions. Since their action changes the "norm" in the charge-entropy space of the corresponding four dimensional theories they can be interpreted as spectrum generating symmetry groups.
The quasiconformal realizations of E 8 (8) and E 8(−24) can be consistently truncated to quasiconformal realizations of other exceptional subgroups. For a complete list of the real forms of these exceptional subgroups we refer the reader to [12, 14] .
The minimal unitary representations of exceptional groups
To obtain unitary realizations of exceptional groups ,based on their quasiconformal realizations, over certain Hilbert spaces of square integrable functions one has to find the corresponding phase space realizations of their generators and quantize them. For E 8(8) this was done in [15] and for E 8(−24) in [14] . Remarkably, the quantization of the quasiconformal realizations of E 8 (8) and E 8(−24) yield their minimal unitary representations. The concept of a minimal unitary representation of a non-compact group G was first introduced by A. Joseph [16] and is defined as a unitary representation on a Hilbert space of functions depending on the minimal number of coordinates for a given non-compact group. Here we shall summarize the results mainly for E 8(8) and indicate how they extend to E 8(−24) . Since the positive graded generators form an Heisenberg algebra one introduces 28 coordinates X ij and 28 momenta P ij ≡ X ij , and one extra real coordinate y to represent the central term. By quantizing
we can realize the positive grade generators of E 8 (8) as
To realize the other generators of E 8(8) one introduces a momentum conjugate to the coordinate y representing the central charge of the Heisenberg algebra:
Then the remaining generators are given by
(y p + p y) ,
The hermiticity of all generators is manifest. Here I 4 (X, P ) is the fourth order differential operator
and represents the quartic invariant of E 7(7) because
The above unitary realization of E 8 (8) in terms of position and momentum operators ( Schröedinger picture) can be reformulated in terms of annihilation and creation operators (oscillator realization) ( Bargman-Fock picture) [15] . The transition from the Schrodinger picture to the Bargmann-Fock picture corresponds to going from the SL(8, R) basis to the SU(8) basis of E 7 (7) .
The quadratic Casimir operator of E 8(8) reduces to a number for the above realization and one can show that all the higher Casimir operators must also reduce to numbers as required for an irreducible unitary representation. Thus by exponentiating the above generators we obtain the minimal unitary irreducible representation of E 8(8) over the Hilbert space of square integrable complex functions in 29 variables.
In the minimal unitary realization of the other noncompact real form E 8(−24) with the maximal compact subgroup E 7 × SU(2) given explicitly in [14] the relevant 5-graded decomposition of its Lie algebra e 8(−24) is with respect to its subalgebra e 7(−25) ⊕ so(1, 1)
The Schrödinger picture for the minimal unitary representation of E 8(−24) corresponds to working in the SU * (8) basis of the E 7(−25) subgroup. The position and momentum operators transform in the 28 and28 of this SU * (8) subgroup and the above formulas for E 8(8) carry over to those of E 8(−24) with some subtle differences [14] . The Bargmann-Fock picture for the minimal unitary realization of E 8(−24) in terms of annihilation and creation operators is obtained by going from the SU * (8) basis to the SU(6, 2) basis of the E 7(−25) subgroup of E 8(−24) .
One can obtain the minimal unitary realizations of certain subgroups of E 8(8) and E 8(−24) by truncating their minimal realizations. However, we should stress that since the minimal realizations of E 8(8) [15] and E 8(−24) [14] are nonlinear consistent truncations exist for only certain subgroups. The exceptional subgroups of E 8(8) that can realized as quasiconformal groups are listed in [12] and the possible consistent truncations of the minimal unitary realizations of E 8 (8) and E 8(−24) are given in [14] . The relevant subalgebras of e 8(−24) and e 8(8) are those that are realized as quasi-conformal algebras , i.e those that have a 5-grading
such that g ±2 subspaces are one-dimensional and g 0 = h ⊕ ∆ where ∆ is the generator that determines the 5-grading.. Hence they all have an sl(2, R) subalgebra generated by elements of g ±2 and the generator ∆. For the truncated subalgebra, the quartic invariant I 4 will now be that of a subalgebra h of e 7(−25) or of e 7 (7) . Furthermore, this subalgebra must act on the grade ±1 spaces via symplectic representation. Below we give the main chain of such subalgebras [14] h = e 7(−25) ⊃ so * (12) ⊃ su(3, 3) ⊃ sp(6, R) ⊃ ⊕ 
The corresponding chains for the other real form e 8(8) are h = e 7(7) ⊃ so(6, 6) ⊃ sl(6, R ⊃ sp(6, R) ⊃ ⊕ 3 1 sp(2, R) ⊃ sp(2, R) ⊃ u(1) (44) g = e 8(8) ⊃ e 7(7) ⊃ e 6(6) ⊃ f 4(4) ⊃ so(4, 4) ⊃ g 2(2) ⊃ su(2, 1)
The minimal unitary realizations of e 8(8) and of e 8(−24) can also be consistently truncated to unitary realizations of certain subalgebras that act as regular conformal algebras with a 3-grading. For e 8(8) we have the following chain of consistent truncations to conformal subalgebras conf: conf = e 7(7) ⊃ so(6, 6) ⊃ sl(6, R ⊃ sp(6, R) ⊃ ⊕ 
